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The stiffness matrix and the nodal forces associated with distributed loads are obtained for a nonhomogeneous
anisotropic elastic beam element by the use of complementary energy. The element flexibility matrix is obtained by
integrating the complementary-energy density corresponding to six beam equilibrium states, and then inverted and
expanded to provide the element-stiffness matrix. Distributed element loads are represented via corresponding
internal-force distributions in local equilibriumwith the loads. The element formulation does not depend on assumed
shape functions and can, in principle, include any variation of cross-sectional properties and load variation, provided
that these are integrated with sufficient accuracy in the process. The ability to represent variable cross-sectional
properties, coupling from anisotropic materials, and distributed element loads is illustrated by numerical examples.
Nomenclature
A = cross-sectional area
a = half element length
C = cross-sectional flexibility matrix
D = cross-sectional stiffness matrix
f = generalized force vector
f j = nodal-force vector
fx, fy, fz = force components
G = element end-point internal-force matrix
g = end-point forces from external load
H = element flexibility matrix
h = element deformation from equilibrium states
K = element-stiffness matrix
Ms = internal-moment vector
Mx,My,Mz = internal-moment components
mj = nodal-moment vector
pξ = external-force-distribution vector
Qs = internal-force vector
Qx, Qy, Qz = internal-force components
q = generalized internal-force vector
r = equivalent nodal-force vector
s = length coordinate
Tξ = internal-force-distribution matrix
u = generalized displacement vector
ux, uy, uz = displacement components
We = element elastic energy
Ws = elastic energy per unit length
x, y, z = spatial coordinates
γ = generalized strain vector
γij = normalized flexibility coupling coefficients
γx, γy, γz = generalized strain components
δ = variational increment
κ = curvature vector
κx, κy, κz = curvature components
ξ = normalized length coordinate
ξ = normalized concentrated load location
φ = rotation vector
φx, φy, φz = rotation components
Subscripts
A = cross-sectional reference point
j = node number
o = center-section value
x, y, z = coordinate component index
Superscripts
∼ = equilibrium force distribution
 = generalized concentrated load
I. Introduction
B EAM elements constitute an essential part of many forms ofengineering analysis (e.g., for representing beams and columns
of civil engineering and aerospace structures, offshore steel
structures, and recently large-scale composite wind-turbine blades).
In each case, it is desirable to use beam elements that represent a
suitable part of the structure, and thus beam elements that permit
varying and fully coupled beam properties, as well as distributed
loads, are of considerable interest. The classical formulation of beam
elements, still in extensive use, is based on displacement shape
functions, and the corresponding internal forces are then obtained by
multiplication with the appropriate stiffness parameters. Apart from
simple beams with constant properties along the beam axis, this
typically leads to complications (e.g., in relation to variable cross-
sectional properties, shear deformation, coupling effects associated
with the use of composites, etc.). Whereas, for example, the shear
force is well defined, the corresponding equivalent shear strain of a
cross section is less clearly defined, and also the possible variation of
the position of elastic and shear center along the beam, or indeed the
absence of the traditional torsion–flexure uncoupling via a shear
center, complicates kinematically based formulations. Additionally,
variable stiffness along a beam element will influence the
representation of distributed loads in the form of equivalent
nodal loads.
Within the linear elastic beam theory, most of the indicated
restrictions for displacement-based formulations can be alleviated
by changing to a complementary-energy formulation in terms of
suitable sets of internal forces. Within the general framework of
finite elements, the use of complementary-energy formulations is
limited by the need for a suitable set of internal equilibrium force
distributions (see, e.g., [1]). For two- (2-D) and three-dimensional
(3-D) elements, this complicates the formulation, and mixed energy
principles have been developed. However, for beams, suitable
internal-force equilibrium distributions are readily available, and
very compact and versatile formulations can be obtained. A direct
and simple solution for a beam in plane bending was obtained
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directly from elementary statics by Livesley [2]. A complementary-
energy formulation was obtained for the Bernoulli beam element with
variable cross section and the similar Timoshenko beam element by
Friedman and Kosmatka [3,4], and a more general formulation
combining shear flexibility, element curvature, anddistributed loadswas
presented byKrenk [5]. This formulationwas developed for archeswith
variable cross section in [6] and for distributed loads in [7]. The
flexibility formulation has also been used in a large deformation context
as part of a corotational beam formulation (see, e.g., [8]).
Common to the papers just mentioned is the assumption of
symmetry, leading to one-dimensional or 2-D problems. A central
point of the present paper is the development of a beam element with
varying nonsymmetric cross sections and general coupling of the
various deformation modes via anisotropic material properties. This
extension requires representation of general cross-sectional proper-
ties in the form of a cross-sectional stiffness or flexibilitymatrix. This
can be obtained in a simpleway by a 2-D representation of the classic
beam deformation modes, including torsion and shear warping in
terms of isoparametric elements [9]. A more detailed description,
which, in principle, condenses the 3-D behavior into the cross-
sectional plane, is the so-called variational asymptotic sectional beam
analysis proposed by Cesnik and Hodges in [10], and described in
more detail in [11] with further developments in [12]. An alternative
procedurewas developed byGiavotto et al. [13] and Ghiringhelli and
Mantegazza [14], where a beam with a constant cross section
representing a cross section of the original beam is analyzed by a 2-D
or 3-D eigenvalue technique, in which the nondecaying deformation
modes are extracted and associated with bending, shear, extension,
and torsion. The technique goes by the name of anisotropic beam
analysis. Further developments of the associated eigenmode
technique have been presented in [15,16]. Closely associated with
the present paper is a related method, in which the cross-sectional
flexibility properties associated with the nondecaying beam modes
are extracted directly from an equivalent prismatic beam by imposing
a set of six representative displacement modes [17,18].
The present paper develops a beam element for variable cross
sectionswith general anisotropy, and derives specific formulas for the
representation of internally distributed loads by equivalent nodal
forces. The basic notation and definition of the section properties are
introduced in Sec. II. The following theory is divided into two parts.
First, the element-stiffness matrix is derived from the elementary
concept of complementary energy for a beam without distributed
loads in Sec. III. The absence of external distributed loads makes this
part quite elementary. In Sec. IV, the theory is extended to include
distributed loads via a corresponding distribution of the internal
forces.A proper complementary-energy functional is introduced, and
elimination of the parameters of the homogeneous internal-force
distributions then identifies the equivalent nodal forces of the
element. Finally, Sec. V gives examples illustrating the effect of
anisotropic coupling of the displacement modes and the effect of
stiffness variation on the nodal forces, and furthermore combines the
effects in the analysis of a realistic wind-turbine blade.
II. Definition of General Section Properties
Consider a straight beam, and introduce a coordinate system with
the z axis acting as beam axis, while the cross sections are parallel with
thexy plane.The internal-forcevectorQz  Qxz; Qyz; QzzT
at a cross section defined by z is defined in terms of the stresses on the
cross section [σzx, σzy, σzz] as
Qx 
Z
A
σzx dA; Qy 
Z
A
σzy dA; Qz 
Z
A
σzz dA (1)
In theories for homogeneous prismatic isotropic beams, the combined
problems of bending and extension are usually referred to the elastic
center,whereas the torsion and shearproblemsare referred to the center
of twist. The resulting relations can thenbe transformed into a common
point of reference. In the present formulation, the deformation modes
can be coupled, and no assumptions about particular characteristic
points in the cross section are introduced. Assuming a common point
of reference A with coordinates xA; yA in the cross section, the
moment vectorMz  Mxz;Myz;MzzT at a cross section atx
is defined by the two bending moments:
Mx 
Z
A
y − yAσxx dA; My  −
Z
A
x − xAσxx dA (2)
and the torsion moment
Mz 
Z
A
x − xAσzy − y − yAσzx dA (3)
The different sign on the bending-moment components is due to the
vector format of the bendingmoments. The internal-force andmoment
components are illustrated in Fig. 1b. By these definitions, zero
moment corresponds to the force acting at the reference point A.
It is convenient to collect the six generalized internal-force
components in the vector qz  Qxz; Qyz; Qzz;
Mxz;Myz;MzzT . In the beam theory, the deformations
associated with the generalized internal forces qz are described in
terms of a generalized strain vector γz  γxz; γyz; γzz;
κxz; κyz; κzzT . The components γx and γy are generalized shear
strains, whereas γz is the axial strain of the beam. Similarly, κx and κy
are the components of bending curvature, whereas κz is the rate of
twist. The generalized strain and curvature components are defined
such that they are conjugate to the internal-force and moment
components with respect to energy. Thus, the elastic energy per unit
length is given as
Ws 
1
2
γTq (4)
For linear elastic beams, there is a linear relation between the
generalized internal forces contained in vector q and the conjugate
generalized strain–curvature vector γ. This relation can be written
either in stiffness format as
q  Dγ (5)
or in the inverse flexibility, or compliance, format
γ  Cq (6)
In these relations, D is the cross-sectional stiffness matrix, and
C  D−1 is the cross-sectional flexibility matrix. In general, they are
both six-by-six symmetric nonnegative definite matrices, and may
depend on the axial coordinate z. Thus, a general formulation,
permitting, for example, anisotropic and inhomogeneous materials,
may require up to 21 stiffness or flexibility parameters to describe the
deformation properties of a thin slice of the beam.
a) b)
Fig. 1 a) Generalized strains γz and curvatures κz, and b) internal forces Qz and momentsMz.
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In the classic beam theorywithout shear flexibility, the shear-strain
components γy and γz vanish. This implies that the second and third
rows and columns of the cross-sectional flexibility matrix C vanish,
and the cross-sectional stiffness matrix D becomes singular. In this
case, a reduced format for the cross-sectional properties can be used.
However, in the present formulation, the cross-sectional flexibility
matrix C is used as a basis, and no modification is necessary.
The energy per unit length of the beam can be expressed in terms of
either the cross-sectional stiffness matrix D or the cross-sectional
flexibility matrix C as
Ws 
1
2
γTDγ  1
2
qTCq (7)
The stiffness matrix of a beam element can be developed from either
of these forms. In the first case, the distribution of the strains and
curvatures γz along the beam is required, whereas in the second
case it is the distribution of the internal forces and moments qz that
is required.Whereas the distribution of strain and curvature along the
element depends on the stiffness properties of the element, the
distribution of the internal forces andmoments is determined directly
by statics. This leads to a simple and general procedure for the
stiffness matrix of fairly general beam elements based on flexibility
[5]. The following derivation is based on the flexibility approach.
First, the stiffness matrix of the element is derived, and then the
appropriate formulas for representing distributed loads are obtained.
III. Beam-Element-Stiffness Matrix
The stiffness matrix of a beam element accommodating linear
bending andconstant extension and torsion has six degrees of freedomat
each of its two end nodes, as shown in Fig. 2a. The nodal displacements
are conveniently organized in a12-component generalizeddisplacement
vector uT  uT1 ;φT1 ; uT2 ;φT2 , in which uj  ux; uy; uzTj and φj φx;φy;φzTj denote the displacement and rotation, respectively, at node
j  1; 2. The corresponding generalized nodal forces are shown in
Fig. 2b and collected in the 12-component generalized force vector
fT  fT1 ;mT1 ; fT2 ;mT2  illustrated in Fig. 2b, with nodal forces and
moments represented by f j  fx; fy; fzTj and mj  mx;my;mzTj ,
respectively.
A. Local Deformation Modes
The beam element shown in Fig. 2 has 12 degrees of freedom. Of
these, six describe rigid-body displacement, whereas the remaining
six describe deformationmodes of the element. Only the deformation
modes contribute to the stiffness of the element, and thus the stiffness
matrix of the element can be obtained from the stiffness of these six
modes, when combined with suitable variable transformations. It is
convenient to define the local deformationmodes, such that they each
correspond to a simple set of end loads in equilibrium. There are three
modes corresponding to a constant internal force Q0 in the element,
and three modes corresponding to a constant moment M0 in the
element. It is noted that constant shear forces Q0x and Q0y lead to
linear antisymmetric moment variation. Thus, Q0 is the constant
internal force in the beam, whereasM0 is the internal moment in the
midsection of the beam.
Let the axial position in the beam element be described by a
normalized coordinate ξ on the interval [−1, 1], and let the length of
the element be 2a. The distribution of internal forces is given by the
relation
qξ  Tξq0 (8)
in terms of the value of the generalized internal force at the center of
the beam q0 and the distribution matrix
Tξ 
2
6666664
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 aξ 0 1 0 0
−aξ 0 0 0 1 0
0 0 0 0 0 1
3
7777775
(9)
It is seen that the distributionmatrix is linear in the normalized length
coordinate, and that the value of the matrix at the two beam nodes
T1 corresponds to a unit matrix supplemented by two off-
diagonal terms a.
B. Flexibility Matrix of the EquilibriumModes
The flexibility matrix of the equilibrium modes of the element
follows from integration of the cross-sectional flexibility relation (7b)
over the element length:
We 
Z
l
0
Wss ds  a
Z
1
−1
1
2
qξTCξqξ dξ (10)
The generalized internal forces qξ are represented via the midpoint
values q by Eq. (8). The energy of the beam element then takes the
form
We 
1
2
qT0Hq0 (11)
in which the element flexibility matrix H corresponding to the six
equilibrium deformation modes is given by the integral
H  a
Z
1
−1
TξTCξTξ dξ (12)
It is noted that this is an exact expression, inwhich the cross-sectional
flexibility is weighted with the linear internal-force-distribution
functionsTξwithout involving kinematic assumptions. For a beam
of variable cross section (e.g., a tapered beam or a beam with initial
twist), the section flexibility matrix C is a function of the axial
coordinate ξ. It will then bemost convenient to evaluate the integral in
Eq. (12) numerically, either by Gauss quadrature or a combination of
mid- and end-point values.
For beam elements with constant section flexibility matrix C, it
follows from symmetry that the ξ terms in Tξ only contribute to the
integral via the quadratic terms. There are very few of these, and it is
then convenient to carry out the integration in explicit form. The
result is the element equilibrium-mode flexibility matrix:
a) b)
Fig. 2 a) Element displacements uj and rotations φj, and b) element forces fi and momentsmi.
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H  2a
2
66666666664
C11 	 13 a2C55 C12 − 13 a2C54 C13 C14 C15 C16
C21 − 13 a
2C45 C22 	 13 a2C44 C23 C24 C25 C26
C31 C32 C33 C34 C35 C36
C41 C42 C43 C44 C45 C46
C51 C52 C53 C54 C55 C56
C61 C62 C63 C64 C65 C66
3
77777777775
(13)
It is seen how the bending parameters C44, C45, C54, C55 of the cross
section enter the constant shearmodes of the beam element due to their
linearly varying bending moment. In the case of beams without shear
deformations, the first and second rows and columns in the section
flexibilitymatrixC vanish, and the bending-flexibility terms constitute
the only contribution to these rows and columns in the element
flexibilitymatrix.However, the presenceof these termsensures that the
element equilibrium-mode flexibility matrixH can be inverted to give
the equilibrium-mode stiffness matrixH−1. A similar effect occurs in
the general expression (12), but is less directly visible.
The equilibrium-mode flexibility and stiffness matrices define a
set of generalized element strains γ0 by flexibility and stiffness
relations similar to Eqs. (5) and (6) for the cross section:
γ0  Hq0; q0  H−1γ0 (14)
In contrast to the cross-sectional relations, both the equilibrium-mode
relations are nonsingular also for beams without shear flexibility.
C. From Mode Flexibility to Element Stiffness
The relation (8) gives the internal forces in terms of the midpoint
values q0, defining the equilibrium modes. The nodal forces are the
internal forces at the nodes with appropriately chosen signs.
Therefore, the nodal-force vector fT  fT1 ;mT1 ; fT2 ;mT2  is
expressed in terms of the midpoint value of the internal-force vector
by a relation of the form
f  Gq0 (15)
in which the 12-by-6matrixG is expressed by the end-point values of
the internal-force-distribution matrix as
G 

−T−1
T1

(16)
with T1 given by Eq. (9).
The relation between the generalized nodal forces f and the
corresponding generalized nodal displacements uT  uT1 ;φT1 ;uT2 ;φT2 
follows from the use of the principle of virtual work. The virtual work
can be expressed both in the 12-component element format and in the
six-component deformation-mode format.
δV  δuTf  δγT0q0 (17)
in which γ0 denotes the generalized strains corresponding to the
midpoint generalized force vector q0. When the generalized force
components in the 12-component format are represented in terms of
their six-component counterpart by the transformation (16), the
following representation of the six-component deformation measures is
obtained:
γ0  GTu (18)
The transformationmatrix in the present kinematic strain–displacement
relation is the transpose of the transformation matrix in the static
external-/internal-force relation (15).
The stiffness matrix in the 12-component format follows from
expressing the energy of the element, first in the six-component
deformation-mode format, and then in the 12-component
displacement format, by the use of the transformation (18). In the
six-component format, the energy is
We 
1
2
γT0H
−1γ0 (19)
in which H−1 is the stiffness matrix of the equilibrium-mode
representation. Substitution of the generalized equilibrium-mode
strain vector by the use of Eq. (18) gives
We 
1
2
uTKu (20)
in which the element-stiffness matrix K is
K  GH−1GT (21)
This transformation generates the 12-by-12 element-stiffness matrix
K from the inverse of the six-by-six equilibrium-mode flexibility
matrixH. As alreadymentioned, the additional terms in the upper left
two-by-two block of the flexibility matrix H in Eq. (13) ensure the
existence of the inverseH−1, also in the case of the vanishing shear
flexibility.
In the simple case of a homogeneous beamwith double symmetry,
the flexibility matrix (13) is easily evaluated and inverted explicitly,
whereby the beam-element-stiffness matrix (21), including shear
flexibility, follows directly in closed form (see, e.g., [19] Sec. 7.3).
IV. Representation of Distributed Load
Although the previous section concentrated on the beam-element-
stiffnessmatrix, it is often of interest to provide a correct representation
of distributed loads. The detailed distribution of the equivalent nodal
loads, used to represent the distributed load, depends on the properties
of the element. As the load distribution depends on the element
properties along the beam, the equivalent loads constitute a natural part
of the theoretical basis of the complementary-energy-based element.
A. Basic Theory
The first step in the formulation of an equilibrium element with
distributed load is to identify a set of generalized internal forces that
are in equilibrium with the distributed load. These are collected in
the six-component vector ~qz   ~Qxz; ~Qyz; ~Qzz; ~Mxz;
~Myz; ~MzzT ~Myz; ~MzzT , and the full distribution of the
internal forces then has the form
qξ  ~qξ 	 Tξq0 (22)
It is noted that the selection of the set of internal forces ~qξ that keep
equilibriumwith the external load is not unique, as theymay contain
any linear combination of the generalized internal-force
distributions from the homogeneous solutions. This gives a
considerable freedom in the specific choice of the distributions in
~qξ, and it is convenient to choose these as corresponding to simple
boundary conditions. The generalized section forces contained in
the vector q0 in Eq. (22) correspond to the component values of the
additional homogeneous part at the center of the element.
The specific complementary elastic energy corresponding to a unit
length of the beam is now given as
Ws 
1
2
qTCq  1
2
~qTC ~q	 ~qTCTq0 	
1
2
qT0T
TCTq0 (23)
This corresponds to the total complementary energy:
Wc 
Z
l
0
Wss ds − uTf (24)
The vector f contains the generalized reaction forces at the ends of
the beam, here given as
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f  g	 Gq0 (25)
with the 12-component vector g containing the end-point values
corresponding to the section forces ~qξ
g 

− ~q−1
~q1

(26)
and the 12-by-6 matrix G defined in Eq. (16).
When carrying out the integration, the complementary energy (24)
can be expressed in the form
Wc 
1
2
qT0Hq0 	 hTq0 	 h − uTGq0 	 g (27)
in which thematrixH is given by Eq. (12), and the vectorh is defined
by
h  a
Z
1
−1
TξTCξ ~qξ dξ (28)
and the scalar h is without importance for the element properties.
The static variables q0, defining the homogeneous part of the
internal forces (22), are determined from the stationarity condition:
∂Wc
∂qT0
 Hq0 	 h −GTu  0 (29)
whereby
q0  H−1GTu − h (30)
Upon substitution of this value, the complementary energy (27) takes
the form
Wc  −
1
2
uTKu	 uTr	 const (31)
in which K is the element-stiffness matrix (21), whereas the
equivalent nodal forces on the element are given by the vector
r  GH−1h − g (32)
In this expression, the second term is the nodal forces corresponding to
the nonhomogeneous part of the internal-force distribution ~q, given
explicitly byEq. (26),whereas the first term represents the contribution
from the homogeneous part of the internal-force distribution activated
to satisfy the kinematic boundary conditions of the element. Although
a different choice of equilibrium internal-force distributions will
influence the end-point force-component vector g, these differences
are absorbed in the first term, making the load vector r independent of
the particular choice of the equilibrium distributions. This is similar to
the freedom in selecting a statically determinate system in the force
method for beams and frames.
B. Simple Internal Loads
The equivalent nodal forces r are determined by Eq. (32) via the
corresponding distribution of the internal forces ~qξ, in part by using
the end-point values to define the vector g, given by Eq. (26), and in
part by using the internal-force distribution to evaluate the integral h,
given by Eq. (28). The internal-force distributions ~qξ must
represent equilibrium with the distributed load on the element, but
this leaves considerable freedom in the construction of these
distributions corresponding to different support conditions at
the nodes. Here, a simple but rather general procedure for
continuous distributed loads is described. Let the vector pξ 
pxξ; pyξ; pzξ; mxξ; myξ; mzξT represent the compo-
nents of distributed force and moment components over the beam
element, in which −1 ≤ ξ ≤ 1 is the nondimensional coordinate
introduced in connection with the homogeneous internal-force
distribution (8). It is then easily verified that the beam equilibrium
equations are satisfied by an internal-force-distribution vector
determined by
~qξ  −a
Z
ξ
ξ0
T

ξ − ~ξ

p

~ξ

d~ξ (33)
in which Tξ is the interpolation matrix introduced in Eq. (9). The
lower limit ξ0 in the integral is arbitrary. The factor a in front of the
integral is due to the fact that the distributed load corresponds
to pdz  apdξ.
The expression (33) may be integrated numerically, but explicit
results are easily obtained for the case of power function distributions
of the form
pξ  ξn−1px; py; pz; mx;my;mzTn  ξn−1pn (34)
for n  1; 2; · · · . When introducing this load density distribution
into Eq. (33) with lower limit ξ0  0, the resulting internal-force
distribution can be arranged in the compact form:
~qnξ  −
a
n
ξnT

aξ
n	 1

pn (35)
The corresponding end-point force vector g follows immediately
by Eq. (26).
A concentrated load acting at the point described by the
nondimensional coordinate ξ is represented as
pξ  δξ − ξPx ; Py ; Pz ;Mx ;My ;Mz T  δξ − ξp (36)
in which δξdξ  δzdz is the distributed load described by the
Dirac delta function. In the present case, it is convenient to take the
lower limit in the generic formula (33) as one of the end points,
corresponding to ξ0  1. When using the left end of the element,
ξ0  −1, the integral takes the form
~qξ  −
Z
ξ
−1
T

ξ − ~ξ

δ

~ξ − ξ

p d~ξ


0; ξ < ξ
−Tξ − ξp; ξ ≥ ξ
(37)
All internal-force components include a piecewise constant
contribution, but the bending moments also contain a piecewise linear
contribution from the corresponding transverse force. The present
choice of the left end point as the lower integration limit corresponds to
an end without supports, and the internal-force distribution corresponds
to a beam that is built in at the right end. The corresponding end-point
force vector g follows from Eq. (26) in the form
g 

0
−T1 − ξp

(38)
Alternatively, the internal-force distribution can be found for a cantilever
beam built in at the left end by selecting the integration limit as ξ0  1.
In the discussion of element loads, their distribution along the
beam has been assumed known, thereby enabling the construction of
equilibrium internal-force distributions. In the case of displacement-
dependent loads, such as, for example, follower forces, the
distributed load depends on the displacement distribution within the
element. However, whereas the distribution of internal forces
depends on the displacements up to the second-order derivatives, the
load dependence will usually be via the angle or first-order
displacement derivative, and therefore be less sensitive to the details
of the displacement distribution. Thus, an assumed displacement
distribution in terms of the classic linear-cubic interpolation format
will typically lead to an acceptable representation of displacement-
dependent loads.
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V. Examples
The equilibrium formulation and its capacity to include anisotropy
and distributed loads for nonhomogeneous beam elements are
illustrated by four examples: a homogeneous box beam with bend–
twist coupling introduced via composite wall properties carrying a
concentrated end load or a distributed load, a linearly tapered beam
with solid circular cross section, and finally the analysis of a realistic
modern wind-turbine blade.
A. Composite Box Beam with End Load
This example concerns the analysis of a composite box beam,
shown in Fig. 3, which exhibits bend–twist coupling via the use of
fibers forming an angle with the beam axis. The particular beam
properties were introduced by Stemple and Lee [20], and investigated
experimentally by Chandra et al. [21] for three different fiber
orientations. The beamhas a length of l  762 mm (30 in.), awidth of
w  24.2 mm (0.953 in.), a height ofh  13.6 mm (0.537 in.), and a
uniform wall thickness of t  0.76 mm (0.030 in.). The walls of the
section are made up of six laminas with Ei  142.0 GPa
(20.59E	 06 psi), Ej  Ek  9.79 GPa (1.42E	 06 psi), Gij 
Gik  6.00 GPa (8.7E	05 psi), Gjk  4.80 GPa (6.96E	05 psi),
and νij  νik  0.42, νjk  0.02, in which i denotes the fiber
direction, j the transverse direction, and k the direction normal to the
plane of the lamina. The fiber orientation angleα is defined as the angle
between the longitudinal axis z and the fiber direction, with a positive
angle corresponding to a right-hand helix. The layup sequences for the
top and bottom walls are −α6 and α6, respectively, and for the left
and right walls are −α; α3 and α;−α3, respectively. The layup
sequence is defined from the innermost to outermost layers. The −α
fiber angle of the top wall can be seen in Fig. 3.
The cross-sectional stiffness parameters for the three different fiber
orientations α  15, 30, and 45 deg were obtained by the computer
code CrossFlex based on the representation of the cross section as a
slice with the thickness of a single element with cubic displacement
interpolation, and extracting the cross-sectional parameters by the
use of complementary energy, [18]. Each of the six laminas was
represented by a layer of elements, and 50 segments were used in the
circumferential direction for a total of 300 solid elements. Amodified
cross-sectional analysis in terms of layered elements would lead to a
substantially reduced model size, but this aspect is outside the scope
of the present paper. The result of the cross-sectional analysis is the
full six-by-six symmetric cross-sectional stiffness matrix. The
parameters in the stiffness matrix are listed in Table 1, in which the
off-diagonal elements are given in terms of the nondimensional
coefficients:
γij 
Dij														
DiiDjj
p (39)
representing coupling in the normalized form−1 < γij < 1, with1
representing the maximum possible coupling. All three
configurations exhibit a large bend–twist coupling γ13 and
extension–shear coupling γ46, of which the beam with α  30 deg
exhibits the largest coupling.
The static behavior of the composite box beam when clamped at
one end and loaded with a transverse force at the free end has been
investigated experimentally by Chandra et al. [21] for the three
different fiber orientations. Themeasured twist and the bending slope
at the middle of the beam due to a tip torque are shown in Figs. 4 and
5, respectively, together with the results obtained from the present
model using a single beam element with the cross-sectional stiffness
parameters given in Table 1. These results are compared with the
results obtained by Smith and Chopra [22] using an analytical model,
the results from a finite element approach developed by Stemple and
Lee [20], and the results obtained by Ghiringhelli [23] using a
complementary-energy-based beam model with cross-sectional
properties using the 2-D formulation in [14], as well as a quite
detailed 3-D finite element model (FEM).
For all three fiber configurations, the results obtained using the
present beam model agree well with the 3-D FEM, the finite
element beam model developed by Ghiringhelli [23], as well as
with the beam model developed by Stemple and Lee [20]. Good
agreement is also obtained with the experimental results, with the
exception of the bending slope for the beam with α  30 deg.
Ghiringhelli [23] offers an explanation for this discrepancy by
pointing out that the experimental result at α  30 deg deviates
from the regular curve found by evaluating the bending slope at
every 5 deg fiber angle.
B. Composite Box Beam with Distributed Load
Consider the cantilever box beam with α  15 deg subjected to a
uniformly distributed torque with intensity mz  1∕lN. A distributed
torquemay arise frompitchingmoments on airfoils and fromdistributed
loadswith anoffset from the shear center of thebeam.The element nodal
load vector for such a prismatic beamwith bend–twist coupling subject
to a distributed torque can be obtained from Eq. (32) as
r  mz−ψ1;ψ2; 0;−aψ2;−aψ1; a;ψ1;−ψ2; 0;−aψ2;−aψ1; aT
(40)
in which the coefficients
ψ1 
a2C56
a2C55 	 3C11
; ψ2 
a2C46
a2C44 	 3C22
(41)
Fig. 3 Composite thin-walled box beam.
Table 1 Cross-sectional stiffness properties of box
section
Units α  15 deg α  30 deg α  45 deg
GA1 N 3.94E	05 5.37E	05 4.12E	05
GA2 N 1.76E	05 3.02E	05 3.08E	05
EA N 6.11E	06 2.80E	06 1.14E	06
EI1 N ⋅m2 1.75E	02 8.20E	01 3.53E	01
EI2 N ⋅m2 4.10E	02 1.83E	02 8.09E	01
GJ N ⋅m2 4.98E	01 7.53E	01 6.18E	01
γ12 1.42E–03 1.98E–03 1.48E–03
γ13 –5.28E–01 –5.61E–01 –4.19E–01
γ23 –6.62E–04 –7.94E–04 –3.21E–05
γ45 –4.02E–03 –4.19E–03 –2.07E–03
γ46 5.55E–01 6.14E–01 4.62E–01
γ56 –7.15E–03 –7.22E–03 –5.05E−03
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represent the effect of bend–twist coupling on the distribution of the
nodal loads. Omission of these terms, by setting ψ1  ψ2  0,
corresponds to classic statically equivalent nodal loads.
The tip displacements of the beam from the distributed torque
using the consistent load vector (40) and a reduced form with
ψ1  ψ2  0 are presented in Table 2. The tip displacements ux and
uy calculated using the reduced load vector converge to the correct
values, obtained using a single element with the consistent nodal
loads. Moreover, the models with one and six elements using the
reduced load vector underpredict the in-plane displacements by 25
and 0.7%, respectively. The tip rotation in this example is identical
for all models, as it is unaffected by the type of load vector used.
Using the statically equivalent loads, ψ1  ψ2  0, introduces an
error that decreases with element size, whereas the consistent
representation of the nodal loads permits full accuracy using a
single element.
C. Tapered Beam with Circular Solid Cross Section
Consider a cantilever beamwith solid circular cross section shown
in Fig. 6. The cross section tapers from radius r1 to r2 over the length
l  2a. Let the ratio between the end radii be defined by β  r2∕r1.
The area has a quadratic variation and the moment of inertia has a
quartic variation. The analytical solution for the tip deflection ux;yl
from a uniformly distributed transverse load px;y can be obtained
using the principle of virtual work with β < 1:
ux;yl 
px;yl
2
π

l26 ln1∕β 	 2β3 − 9β2 	 18β − 11
3Er411 − β4
	 β − 1	 ln1∕β
kGr211 − β2

(42)
in whichE,G, and k are the modulus of elasticity, the shear modulus,
and the shear correction factor, respectively. The beam is statically
determinate, and thus the tip displacement consists of two additive
contributions: a contribution from bending flexibility and a
contribution from shear deformation.
The consistent nodal loads for a tapered circular beam element
without including the effect of shear flexibility are obtained by
integrating Eq. (28):
rpxf1;pyf1;0;−pym1;pxm1;0;pxf2;pyf2;0;pym2;−pxm2;0T
(43)
Fig. 4 Twist at midspan of box beam under tip torque of 0.113 N ⋅m (1 lb in.).
Table 2 Box-beam tip deflection from uniformly
distributed torque p3  1∕lN=m
Load vector Nelem ux, m uy, m φz, rad
Consistent 1 3.79E − 04 6.55E − 02 1.10E − 02
Equivalent 1 2.84E − 04 4.91E − 02 1.10E − 02
Equivalent 6 3.76E − 04 6.50E − 02 1.10E − 02
Equivalent 30 3.79E − 04 6.55E − 02 1.10E − 02
Fig. 5 Bending slope at midspan of box beam under tip torque of 0.113 N ⋅m (1 lb in.).
Fig. 6 Tapered beam with circular cross section and uniform
transverse-load distribution.
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in which the parameters f1 and m1 corresponding to node 1 are
determined as
f1  2a
1 − β	 β lnβ
1 − β2 ;
m1  2a2
1	 β − 2β2 	 ββ	 2 lnβ
β2 	 β	 11 − β2 (44)
The similar parameters f2 and m2 for node 2 are obtained by
replacing β with 1∕β in Eq. (44). The values of the load distribution
parameters in Eq. (44) are shown in Fig. 7 as a function of the taper
ratio β. For a cylindrical beam, β  1, the shear force and end-
moment parameters are equal at both nodes with f1  f2  a and
m1  m2  a2∕3. As the beam approaches a perfect cone with
β  0, all the equivalent nodal loads are shifted to the node with the
larger radius with f1  2a, f2  0 and m1  2a2, m2  0.
Consider a specific tapered beamwith a solid circular cross section
with length l  64 m, root diameter r1  1.2 m, and tip diameter
r2  0.12 m, corresponding to β  0.1. The beam is made of an
orthotropic material with axial modulus of elasticity E  10.0 GPa
and shear modulus G  2.0 GPa. The cross-sectional dimensions
and elasticity parameters correspond roughly to the flapwise bending
of a wind-turbine rotor blade with a bending-stiffness ratio of
β4 10−4. The beam is loaded by a uniformly distributed transverse
load py  1.0 N∕m.
The tip deflection of the beam when loaded by a distributed load
with constant intensity follows from either the full element
formulation with stiffness matrix K from Eq. (21) and nodal forces
from Eq. (32), or the analytical expression (42). The result for a solid
cross section, including the effect of shear flexibility with shear
correction factor k  0.85, is presented in the first line of Table 3.
Any subdivision of the beam using the nodal loads for the conical
beam element as given by Eq. (32) will recover this result. This result
is compared with the deflection calculated by the use of the
equilibrium element, with the equivalent nodal loads (43) that do not
include the effect of shear flexibility. It is seen that, whereas a single
element is sufficient to obtain the correct tip deflection if fully
integrated, four elements are needed for reducing the error to 1.2%
when the load is distributed according to Eq. (43) with load
distribution coefficients (44) that do not account for the shear
flexibility. Thus, in principle, it is necessary for obtaining the full
accuracy of the equilibrium element in connection with distributed
loads to evaluate the equivalent nodal loads by detailed integration.
The lower part of Table 3 shows the effect of representing the beam
in terms of cylindrical elements with radius determined as the radius
at the center cross section, a method often used in practice. It is seen
that, for this kind of approximation, 16 elements are needed to reduce
the tip-deflection error to 1.8%, demonstrating a considerable gain in
accuracy obtained by the use of equilibrium-based elements.
D. Wind-Turbine Blade
The final example concerns the analysis of a 75-m-long wind-
turbine blade currently manufactured by Siemens Wind Power A∕S
and illustrated in Fig. 8. The blade is constructed using a single web
design with the shell and spar cap made of fiberglass–epoxy, and a
sandwich core present in the trailing-edgewalls and tail made of balsa
and foam. The distribution along the blade length of bending stiffness
about each of the principal axes of bending normalizedwith respect to
the bending stiffness of the circular root section is shown in Fig. 9a.
This gives an illustration of the large cross-sectional property
variations thatmust be capturedwhenmodelingwind-turbine blades.
It can be seen that, for the first half of the blade, the bending stiffness
in the edgewise direction is typically twice as large as the stiffness in
the flapwise direction. The increase in the edgewise bending stiffness
near the root is associated with the transition from a circular to an
airfoil cross section.
In the current analysis, the blade is discretized using five different
beam-element meshes, each with a different number of elements and
location of the nodes, as shown in Fig. 8. The nodes are positioned
along the elastic axis. A fine mesh with 75 elements of equal length
has been omitted from the figure for clarity. The node positions for the
mesh with two, four, and eight elements are optimized to minimize
the error of the first four natural frequencies. As expected, the nodes
are skewed toward the more compliant outward part of the blade, as
shown in Fig. 8. The natural frequencies have been calculated using
classic polynomial-based shape functions in the evaluation of the
mass matrix. This leads to satisfactory results, because the mass-
matrix integrals do not involve derivatives of the shape functions, and
are therefore less sensitive to their detailed representation.
Furthermore, the major contribution to the inertia comes from the
rigid-body motion of the elements that is not influenced by the local
deformation.
The blade is loaded by the distributed forcepy, acting normal to the
local secant direction. The lengthwise distribution of thewind loadpy
is shown in Fig. 9b. The linearly increasing lift for the inner two-
thirds of the blade that can be observed is a result of the blade’s
pretwist. Furthermore, the reduction in aerodynamic load at the blade
tip is attributed to tip losses. The deflection associated with this
component of the wind pressure must be determined with high
accuracy, as it tends to bend the blade back against the tower.
Fig. 7 Nodal-force parameters for a uniformly distributed transverse load on tapered element.
Table 3 Tapered-beam tip deflection from a
uniformly distributed load py  1.0 N∕m
Element Load vector Nelem uy, mm Percent error, %
Tapered Shear 1 0.594 0.0
Tapered No shear 1 0.496 16.4
Tapered No shear 2 0.561 5.5
Tapered No shear 4 0.586 1.2
Cylinder Shear 1 1.408 137.3
Cylinder Shear 2 1.057 78.1
Cylinder Shear 4 0.765 28.9
Cylinder Shear 16 0.604 1.8
2780 KRENK AND COUTURIER
D
ow
nl
oa
de
d 
by
 D
EN
M
A
RK
S 
TE
CH
N
IC
A
L 
IN
FO
RM
A
TI
O
N
 o
n 
A
ug
us
t 2
9,
 2
01
7 
| ht
tp:
//a
rc.
aia
a.o
rg 
| D
OI
: 1
0.2
514
/1.
J05
588
4 
The relative errors of the in-plane tip displacement obtained using the
models with two, four, eight, and sixteen elements relative to a
reference deflection calculated using 75 elements under the wind
pressure are shown in Fig. 10a. The elastic axis of the blade is not
straight, and therefore four elements are required to determine both
in-plane displacement components to within 1% relative error. If the
bladewas straight, the quasi-static deflection under a tip load could be
calculated exactly using a single element.
The distributions of the internal shear forceQy and themomentMx
recovered using the present equilibrium method are shown in
Fig. 10b for 2 and 75 elements. Naturally, they are identical apart
from numerical rounding errors, but the curves illustrate the variation
needed to be represented inside the large element to obtain full
accuracy without additional nodes.
VI. Conclusions
A complementary-energy formulation has been presented for a
two-node straight beam element, in which the stiffnessmatrix and the
representation of distributed loads are calculated from equilibrium
internal-force distributionswithout any need for shape functions. The
three main features are that the formulation permits 1) arbitrary
lengthwise variation of the cross-sectional properties by integrating
local cross-sectional flexibility weighted with simple and known
internal-force distributions; 2) representation of arbitrary cross
sections with coupled properties, for example, from material
anisotropy, represented by a full six-by-six local flexibility matrix;
and 3) an exact formula for the equivalent nodal loads for arbitrary
distributed loads, represented via equilibrium internal forces. The
formulation includes the effect of shear flexibility directly via the
additive flexibility format. The element-stiffness properties
determine the distribution of internal element loads to the equivalent
concentrated loads at the element nodes, and it has been demonstrated
that the correct evaluation of the equivalent nodal loads is essential for
retaining the accuracy, when considering beams with large stiffness
variations.
In principle, the theory is exact, as it is expressed in terms of
integrals of the cross-sectional flexibility matrix and internal-force
distributions. The accuracy is only limited by approximations that
may be involved in the evaluation of these integrals. However, as the
functions to be integrated are available, in contrast to assumed shape
functions, the accuracy of the evaluation is mainly a question of
feasibility, and the final accuracy of the analysis is not directly related
Fig. 8 Rotor-blade-model discretization.
a) b)
Fig. 9 a) Normalized flapwise and edgewise bending stiffness, and b) wind load normal to the plane of rotation.
a) b)
Fig. 10 Distributed lift force: a) static tip deflection, and b) moment and shear force.
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to the size of the elements. The use of equilibrium internal-force
distributions limits the full accuracy of the formulation to static
problems. However, in most dynamics problems, the local
displacements due to element deformation are quite limited, and
the convectedmotion of the element dominates. This permits to retain
a considerable part of the accuracy of the equilibrium-based element-
stiffness formulation, also in dynamics problems when combined
with the classic displacement-based mass matrix. Additional
accuracy of the representation of the mass matrix can be obtained by
introducing extra internal degrees of freedom in the shape functions,
and determining these additional parameters by fitting the
corresponding displacement-based stiffness matrix to that of the
equilibrium-based formulation described here.
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